Properties of rough subalgebras and ideals of some binary algebras playing a central role in the theory of algebras connected with different types of nonclassical logics are described.
(H3) x * y = 0 and y * x = 0 imply x = y.
In a BCH-algebra X, the following holds: for all x, y ∈ X, (u1) x * 0 = x, (u2) 0 * (x * y) = (0 * x) * (0 * y).
For any BCH-algebra X, the relation ≤ is defined by x ≤ y if and only if x * y = 0 is a partial order on X. A nonempty subset S of a BCH-algebra X is said to be a subalgebra of X if x * y ∈ S whenever x, y ∈ S. A nonempty subset A of a BCH-algebra X is called an ideal of X if it satisfies (I1) 0 ∈ A, (I2) x * y ∈ A and y ∈ A imply x ∈ A for all x, y ∈ X.
Note that an ideal of a BCH-algebra X may not be a subalgebra of X. An ideal A of a BCH-algebra X is said to be closed if 0 * x ∈ A for all x ∈ A. Note that every closed ideal of a BCH-algebra is a subalgebra, but the converse may not be true. An ideal A of a BCHalgebra X is called a translation ideal of X if whenever x * y ∈ A and y * x ∈ A, then (x * z) * (y * z) ∈ A and (z * x) * (z * y) ∈ A for all x, y,z ∈ X. Note that {0} and X itself are translation ideals of X.
Let V be a set and E an equivalence relation on V and let ᏼ(V ) denote the power set of V . For all x ∈ V , let [x] E denote the equivalence class of x with respect to E. Define the functions E − ,E + :
The pair (V ,E) is called an approximation space. Let S be a subset of V . Then S is said to be definable if E − (S) = E + (S) and rough otherwise. E − (S) is called the lower approximation
Rough subalgebras and ideals
Let E be a congruence relation on a BCH-algebra X, that is, E is an equivalence relation on X such that (x, y) ∈ E implies (x * z, y * z) ∈ E and (z * x,z * y) ∈ E for all z ∈ X. We denote by X/E the set of all equivalence classes of X with respect to E, that is,
Throughout this section X is a BCH-algebra, and E is a congruence relation on X.
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A special role is played by relations determined by ideals, that is, relations Θ of the form
where U is an ideal. If U is a translation ideal of X, then Θ is a congruence on X (see [12] ). In this case we say also that Θ is a congruence relation related to U.
Since E is a congruence relation on X, it follows from (u1) that (
may not be a BCH-algebra, because X/E does not satisfy the condition (H3). (
This completes the proof.
For any nonempty subsets A and B of X, we define
Proposition 3.3. Let A and B be nonempty subsets of X. Then the following hold: The proof of Proposition 3.3 is straightforward.
Definition 3.4.
A nonempty subset S of X is called an upper (resp., a lower) rough subalgebra (or, (closed) ideal) of X if the upper (resp., nonempty lower) approximation of S is a subalgebra (or, (closed) ideal) of X. If S is both an upper and a lower rough subalgebra (or, (closed) ideal) of X, it is said that S is a rough subalgebra (or (closed) ideal) of X.
Proof. Let S be a subalgebra of X and let
because S is a subalgebra of X. Hence E − (S) is a subalgebra of X, that is, S is a lower rough subalgebra of X.
The following example shows that the lower approximation of a subalgebra may be the empty set.
Example 3.6. Let X = {0, 1,2,3,4} be a BCH-algebra with the Cayley Table 3 .1 (see [12] ). Then U = {0, 1,2} is a translation ideal of X (see [12, Theorem 3.7. Every subalgebra of X is an upper rough subalgebra of X.
Proof. Let S be a subalgebra of X. We show that E + (S) is a subalgebra of X. Let x, y ∈ E + (S). 
(S).
Therefore S is an upper rough subalgebra of X.
The following example shows that the converse of Theorem 3.7 may not be true. Hence we know that the notion of an upper rough subalgebra is an extended notion of a subalgebra.
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Example 3.8. Let X and U be as in the previous example. Consider a subset S = {2, 3} of X which is not a subalgebra of X. Then
which is a subalgebra of X.
Lemma 3.9 [3, Proposition 3] . Let A be a subalgebra of X. Then A is a closed ideal of X if and only if y * x ∈ X \ A whenever x ∈ A and y ∈ X \ A.
Theorem 3.10. If A is a closed ideal of X, then the nonempty lower approximation of A is a closed ideal of X, that is, A is a lower rough closed ideal of X.
Proof. Let A be a closed ideal of X. Then A is a subalgebra of X, and so E − (A) is a subalgebra of X (see Theorem 3.5). Let x, y ∈ X be such that x ∈ E − (A) and Proof. Let A be a subset of X. Note that
for all x ∈ X. Hence
Proposition 3.12. If Θ is the congruence relation on X related to X, then X is definable.
Proof. It is straightforward, since
for all x ∈ X. 
Since a,b ∈ A and A is a closed ideal of X, it follows from (I2) that y ∈ A and x * y ∈ A so that
Note that the kernel of f , denoted by Ker( f ), is a translation ideal of X (see [12, Theorem 3.6] ).
for all subsets A of X.
and so f (A * Ker( f )) ⊆ f (A). This completes the proof. Proof. Using Proposition 3.14, we have f (A) ⊆ f (Θ + (A)). Let y ∈ f (Θ + (A)). Then y = f (x) for some x ∈ Θ + (A). Hence [x] Θ ∩ A = ∅, and so there exists a ∈ A such that 
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